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This article presents the application of ܥஶ topological manifold immersion technique to control parameter uncertain nonlinear dynamic systems in the context of adaptive nonlinear systems theory. The technique is illustrated by implementing it on the challenging unstable nonlinear parameter uncertain magnetic levitation mechanism. The controller design is accomplished by defining a desired reduced order exosystem, whose state space is rendered attractive by a synthesized control law. The unknown system parameters are adaptively estimated. The reference tracking is achieved. The experimental validation of the theoretically proposed controller is presented by implementing discrete time realization of control algorithm using digital controller interfaced in real time with Simulink. The feasibility of the topological manifold immersion based compensation technique is theoretically and experimentally demonstrated by available degrees of freedom in the compensator structure and immense flexibility in the achievable closed loop dynamic.   
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1.	Introduction *Most of the real world systems are nonlinear with parameter uncertainties. The classical linearization techniques result in performance degradation with the parameter uncertainties and also impose the narrow operating range constraints. The topological manifold immersion based control is a new method to design a controller for the nonlinear systems. This technique robustifies a stabilizing controller of a reduced order exosystem, for the given full order system by asymptotically steering the trajectories of full order system to the submanifold of this exosystem. The adaptive nonlinear estimation of the unknown parameters can also be accomplished by the formulations based on the same technique. The classical nonlinear adaptive methods guarantee the estimation error to be bounded but the transient behavior is not well controlled (Yang and Tateishi, 2001). Saturating the unknown parameters to its limiting values may also result in the destabilization of system (Astolfi and Ortega, 2003). However the ܥஶ topological manifold immersion technique gives us control on the dynamic behavior of the estimation error response (Luksic et al., 1987). Moreover the resulting adaptive algorithm is stable under the unknown parameter value limits (Maine and Brockett, 1973).  
                                                 * Corresponding Author.  Email Address: alishahbaz@ciitwah.edu.pk (A. S. Haider) 

The Magnetic Levitation (maglev) is a challenging system and it is inherently nonlinear and unstable without feedback. It involves suspending a ferromagnetic object such as a steel ball in the space. This setup acts as a benchmark for testing various control techniques (Haider et al., 2015). The topological manifold immersion based control technique is implemented on this system. The reference tracking capability is added in the control algorithm. Simulation has been carried out and the experimental validated of the digitized version of the developed control algorithm is accomplished and results are elucidated. Organization of the paper is as follows, section 2 describes the mains results of the topological manifold immersion method and the adaptive nonlinear parameter estimation. Section 3 gives an overview of the dynamic model of maglev system. Section 4 describes the controller design and the adaptive parameter estimation. Simulation and the experimental validation are presented in section 4, followed by conclusions and discussion in section 5.  
2.	Topological	manifold	immersion	method	Consider a nonlinear parameter uncertain system:  ݌ሶ = ݏ ቀ݌, ௘ቁݑ = ݂ ቀ݌ቁ + ݃ ቀ݌ቁ  ௘                 (1)ݑ
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where ݌ ∈ ℝ௡and ݑ௘ ∈ ℝ௠. The state vector ܲ evolves on a smooth manifold P of dimension n, which is spanned by tangential manifold to the system map  ݏ. The system map ݏ in Eq. 1 has been decomposed into a drift vector field  ݂(0) and a controlled vector field  ݃. In Eq. 1, ݑ௘ ∈ ܷ(ܲ) is the system forcing function with U a state dependent input set which belongs to the control bundle ⋃ ܷ(ܲ௉∈௉ ). The topological manifold immersion based nonlinear control approach involves defining a reduced order exosystem. The state trajectories of the exosystem evolve on a ܥஶ submanifold ܳ ⊂ ܲ. The problem of controller design then boiled down to synthesize a control law that dynamically immerses the state trajectories of full order system to the manifold Q. Let us consider an exosystem with state vector ݍ ∈ ℝ௤ with q<n, which contains origin in its reachable set. This can be achieved by defining the vector field Υ(ݍ) of the exosystem that governs the evolution of  ݍ as given by Eq. 2.  ݍሶ = Υ ቀݍቁ                   (2)  Defining a smooth submanifold for the exosystem of Eq. 2 as:  Q = ቄ݌ ∈ ℝ௡|݌ = ߰ ቀݍቁ ; ݍ ∈ ℝ௤ቅ                                 (3)  The controlled integral curves of system map  ݏ can be attracted by the submanifold Q if partial differential Eq. 4 along with the condition in Eq. 5 is satisfied (Astolfi and Ortega, 2003). 
݂ ൬߰ ቀݍቁ൰ + ݃ ൬߰ ቀݍቁ൰ ℘ ቀ߰ቁ =  ஌߰     (4)ܮ

(ݐ)ݍ = (0)ݍ ∀ 0 ∈ ℝ௤ ݐ ݏܽ → ∞      (5)Here ܮ஌߰ = (∇௤߰)Υ(ݍ) is the so-called Lie derivative. Also ℘ ൬߰ ቀݍቁ൰ = ߰)ߥ ቀݍቁ , 0 on the submanifold Q and ݑ = ,ܲ)ߥ ߞ  .is the implicit description of Q, which is given by parameterized form in Eq. 6 (0)ߞ .൫ܲ൯) is the synthesized feedback control law that renders Q attractiveߞ ቀ݌ቁ = ݌ − ߰ ቀݍቁ = 0                            (6)  Introducing state variable h to define “off” the submanifold Q dynamics given by: ℏሶ = ௨ୀణቀ௣,ℏቁ|ߞୱܮ = డ఍డ௣ ݏ ൬݌, ߴ ቀ݌, ℏቁ൰                            (7)  In terms of ℏ and any constant ߙ > 0, the synthesized controller ߴ the system mapping is given by: 

ሶ݌ = ݏ ൬݌, ߴ ቀ݌, ℏቁ൰                                                             (8) For any general system of form: ݌ଵሶ = ଵߦ ቀ݌ଵቁ + ଶߦ ቀ݌ଵቁ    ଶ݌

ሶଶ݌ = ߮ ቀ݌ቁ୘ ଵߣ + ଵሶ݌ ௜ are unknown parameters andߣ ,௜(0) and ߮(0) are smooth mappingsߦ Where  (9)                                                       ݑଶߣ = ߝ is globally stable, then for constants (ଵ݌)ଵߦ > 0 and k>0, the geometric adaptive estimates of ߣ௜ are given by (Astolfi and Ortega, 2003), ߣመሶ = − ቀܫ + ∇ఒ෡ߥቁ ିଵ  ቆ∇௣భߥ ቀߦଵ ቀ݌ଵቁ + ଵߦ ቀ݌ଵቁ ଶቁ݌ +
డఔడ௣మ ൬−݇݌ଶ − కమܮߝ ଵܸ ቀ݌ଵቁ൰ቇ                (10) and the corresponding geomantic synthesized control law is given by: ݑ = − ൬ߣመଶ + ଶݒ ቀ݌, መଵቁ൰ߣ ቆ݇݌ଶ − కమܮߝ ଵܸ ቀ݌ଵቁ +߮ ቀ݌ቁ୘ ൬ߣመଵ + ଵݒ ቀ݌ቁ൰ቇ                         (11) The vector ߭ = ቂ ߭ଵ ቀ ݌ቁ  ߭ଶ( ݌, ଵݒ :෡ଵቃ்is given byߣ  ቀ݌ቁ = ଵߛ ׬ ߮ ቀ݌ଵ, ቁߟ ௣మ଴ߟ݀ ଶݒ (12)                               ቀ݌, መଵቁߣ = ଶߛ ቀ݇ ௣మଶ − కమܮߝ ଵܸ ቀ݌ଵቁ ଶቁ݌ ଶߛ+ ׬ ߮ ቀ݌ଵ, ቁ୘ߟ ൬ߣመଵ + ଵݒ ቀ݌ଵ, ቁ൰ߟ ௣మ଴ߟ݀                         (13)  Where ଵܸ ቀ ݌ଵቁ is any mapping such that for some class-K function K(0), we have (Jurdjevic, 1996), ܮకభ ଵܸ ቀ݌ଵቁ ≤ ߢ− ቀ݌ଵቁ                               (14)  and ߛଶ > 0, ଶߛ  >0 are constants. 
3.	The	dynamic	model	of	maglev	system	The hardware platform of the maglev system is shown in Fig. 1. It consists of an electromagnets and a steel ball. In free air ball drops down under the action of gravity so electromagnet is used to provide counter gravity force. A bulb and solar panel assembly is used to sense the position of the steel ball in air. Fig. 2 shows the EM coil equivalent circuit and free body diagram of the EM coil. The state vector for the Maglev system is defined in Eq. 15.   ݌ = ሾ݌ଵ ଶ݌ ଷሿ୘݌ = ሾݕ ሶݕ ݅ሿ୘                               (15)  For the maglev system various system mappings in Eq. 1 can be express by Eq. 16 (Haider et al., 2015; Brogan, 1985). ݂ ቀ݌ቁ = ሾ݌ଶ −݇ଵ + ݇ଶ ଷଶ݌ ⁄ଵ݌ ݃  ଷ݇ଷሿ୘݌− ቀ݌ቁ = ሾ0 0 ݇ସሿ୘    
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ݏ ቀ݌, ௘ቁݑ =ሾ݌ଷ −݇ଵ + ݇ଶ ଷଶ݌ ⁄ଵ݌ ଷ݇ଷ݌− + ݇ସݑ௘ሿ୘              (16)   

 
Fig.	1: The experimental setup  

 
Fig.	2: The equivalent circuit of electromagnet and the free body diagram  Here k1=g, k3=R/L, k4=1/L and ݇ଶ = ݃ ଴ଵ݌ ⁄଴ଷ݌ ଶ. The value of the acceleration due to gravity g is treated as an unknown parameter with the known bounds. The value of the parameter  ݇ଶ =݃ ଴ଵ݌ ⁄଴ଷ݌ ଶ depends upon a particular operating point (݌଴ଵ,  .଴ଷ), hence it is also treated as an unknown parameter while designing compensator݌
4.	Controller	design	and	parameter	estimation	Using the results of section 2 and the maglev model of section 3, we can define the mappingsΥ(0) and ߰(0) in Eq. 17 and Eq. 18 respectively.  ߰ ቀݍቁ = ሾݍଶ −݇ଵ + ݇ଶ ଵଶߞ ⁄ଵݍ ሿ୘              (17) ݌ = ߰ ቀݍቁ = ሾݍଵ ଶݍ ߰ଵ(ݍଵ, ߴ  .ଶ)ሿ୘             (18)  The solution of Eq. 4 through Eq. 8 gives us full information controller of Eq. 19, where the term ߫ଵ in the control law is yet to be synthesizedݍ ቀ݌, ℏቁ = ିఈℏା఍భሶ ା௞య௣య௞ర                                (19)  The system in Eq. 8 takes the form: ℏሶ =  ℏߙ−

ଵሶ݌ = ଶሶ݌ ଶ݌ = −݇ଵ + ݇ଶ ଵଶߞ ⁄ଵ݌ ଷሶ݌  = ℏߙ− + ଵሶߞ                                 (20)  If the control law ߫ଵis stabilizing then it is evident that as ݐ ⟶ ∞ the state trajectories of full order system Eq. 20 immerse from manifold P to the submanifold Q. 
5.	Nonlinear	adaptation	of	unknown	parameters	From Eq. 20, the exosystem evolving on the submanifold Q is given by Eq. 21. ݌ଵሶ = ଶሶ݌ ଶ݌ = −݇ଵ + ݇ଶ ଵଶߞ ⁄ଵ݌                (21)  If we define the stabilizing controls law as:  ߞଵ = ඥ|݌ݑଵ|                (22)  Then exosystem in Eq. 21 takes the form of Eq. 23, with unknown parameters k1 and k2.  ݌ሶଵ = ሾ݌ଶ −݇ଵ + ݇ଶݑሿ୘                                                 (23)  Comparing Eq. 9 and Eq. 23 and assuming “control polarity” to be positive we get: ߦଵ ቀ݌ଵቁ = 0, ଶߦ ቀ݌ଵቁ = ଵߣ 1 = ݇ଵ, ଶߣ = ݇ଶ > 0 ߮ ቀ݌ቁ = −1                                                                       (24) Defining ଵܸ(݌ଵ) = కమܮ  :ଵଶ satisfies Eq. 14 as݌ ଵܸ ቀ݌ଵቁ = ݒ  :ଵ                                         (25)  Using Eq. 24 through Eq. 25 and Eq. 12-13, υevaluates to be݌2 = ൤ ܿଵ݌ଶܿଶ݌ଶଶ + ܿଷߣመଵ݌ଶ + ܿସ݌ଵ݌ଶ൨                 (26)  Where ܿଵ = ,ଵߛ−  ܿଶ = ଶߛ݇)0.5 + ,(ଶߛଵߛ  ܿଷ = ଶ and  ܿସߛ− = ߥଶ. We have:  ∇ఒ෡ߛߝ2 = ൤ 0 ଶ݌ଶߛ−0 0൨                         (27) ∇௣భߥ = డఔడ௣భ = ሾ0 ଶሿ୘                                         (28) డఔడ௣మ݌ଶߛߝ2 = ଵߛ−ൣ ଶ݌ଶߛ݇ + ଵ݌ଶ݇ߛ2 − መଵߣଶߛ +   .ଶ൧    (29)  Using Eq. 27 through Eq. 29, the parameter estimates of Eq. 10 evaluate to Eq. 30݌ଶߛଶߛ
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መሶߣ = ൤ ܿହ݌ଵ + ܿ଺݌ଶܿ଻݌ଵଶ + ଶଶ݌଼ܿ + ܿଽ݌ଵ݌ଶ + ܿଵ଴݌ଶߣመଵ + ܿଵଵ݌ଵߣመଵ൨  (30)  and the control law of Eq. 11 evaluates to Eq. 31.  ݑ = − ൬ߣመଶ + ଶݒ ቀ݌, መଵቁ൰ߣ ൬݇݌ଶ + ଵ݌ߝ2 − መଵߣ ଵݒ− ቀ݌ቁ൰                   (31)  The various constants in Eq. 30 are  ܿହ ,ଶߛߝ2−=  ܿ଺ = ,ଶߛ݇−  ܿ଻ = ,ଶߝଶߛ4  ଼ܿ = ଵߛߝ2− ,ଶ݇ߛଵߛ+  ܿଽ = ߝଶଶߛ2− + ,ߝଶߛଵߛ2  ܿଵ଴ = ଶ݇ and  ܿଵଵߛ− = ଵߴ  :To achieve reference tracking for the position of the ball, we modify the control algorithm of Eq. 19 as .ߝଶߛ2− ቀ݌, ℏቁ = ିఈℏା఍భሶ ା௞య௣య௞ర + (ݐ)݁  :For a reference signal r(t), error signal is defined as  (32)                         (ݐ)ߪ = (ݐ)ݎ − (ݐ)ߪ  :in Eq. 32 is given by (ݐ)ߪ The function  (33)               (ݐ)ଵ݌ = Ξ൫݁(ݐ)൯                                                          (34)  Where Ξ(0) is the control law to achieve the desired transient response for the reference tracking? We have selected proportional-derivative action with proper scaling and gains as:  Ξ(ݐ) = − ௞య௞ర ቀ݇௣(. ) + ݇ௗ ௗ(.)ௗ௫ ቁ                                        (35) 
6.	Simulation	and	experimental	results	The system has been simulated in the Simulink as shown in Fig. 3. The values of various parameters are given in Table 1. The grey shaded blocks in Fig. 3 

correspond to the plant and white background blocks correspond to the control and estimation algorithms. Fig. 4 shows the Simulink model that implements the control and estimation algorithm in real time by operating the plant in Rapid Control Prototyping (RCP) mode. The Real time data is collected by ARM Cortex-M3 processor. It is processed in Simulink and manipulated signal is passed on to the plant. The RCP capability enables to tune the control and estimation algorithm parameters in real time for the desired response hence speeding up the design process. The expended view of the reference tracker control law block is shown in Fig. 5. The value of both gain parameters, namely kp and kd is tuned at Fig. 5. Fig. 6 shows the simulated reference tracking response of the position of the ball and the corresponding responses of the velocity of the ball and the EM coil current. The response is stable and the position of the ball tracks well the reference signal with zero steady state error. Fig. 7 shows the input voltage signal to the EM coil.  Fig. 8 shows the immersion of full order system state trajectories to the submanifold Q. The trajectories of the both simulated and experimental data are shown.  Fig. 9 through Fig. 12 shows the experimental results. Fig. 9 shows the response of the position of the ball to a pulse train reference signal. The response shows some overshoot but stabilizes with zero steady state error. Fig. 10 shows the response of the velocity of the ball to a pulse train reference for the position of the ball. Fig. 11 shows the experimental response of the EM coil current that is measured using Hall Effect sensor. Fig. 12 shows the experimental response of the EM coil input voltage that is the manipulation signal generated by the control and estimation algorithm.  
 

 
Fig.	3: The RCP mode of operation for MagLev system controller tuning and experimental validation  
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Fig.	4: The Simulink model of MagLev system  

 
Fig.	5: Expanded view of the reference tracker control law block  

 
Fig.	6: Simulation responses of Maglev system states. 

 
Fig.	7: The EM coil input voltage. 

7.	Discussion	and	conclusions	The manifold immersion based nonlinear control approach for the compensator design of a parameter uncertain MagLev system has been presented. The uncertain parameters are adaptively estimated. This 

approach is successful in attaining the desired position of the ball in the air. The manifold immersion based approach provides immense degree of freedom in selecting the desired closed loop dynamics owing to the availability of free tunable variables in the stabilizing control algorithm. The proposed algorithm is successful in attracting the state trajectories of full order system to the reduced order desired submanifold. The successful reference tracking for the position of the ball from any initial condition, within the actuating signal range limits, is achieved. The experimental results show the promising performance of the plant. 

 
Fig.	8: The trajectories of MagLev system  
Table	1: Values of the system parameters	

Parameter	 Value	 Parameter	 Value	

3k 137.5 
4c 0.004 

4k 6.14 
5c -0.004 

k 80.0 6c -160 
1γ 5.00 

7c 8×10-6 
2γ 1.00 

8c 799.99
ε  1×10-3 9c 0.0120

1c -5.0 
10c -160.0 

2c 85.0 
11c -0.004 

3c -2.0 12c 0.002   
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Fig.	9: Experimental response of the position of the ball 

 
Fig.	10: Experimental response of the velocity of the ball: ball position reference signal (top), velocity of the ball (bottom)  

 
Fig.	11: Experimental response of the EM coil current: ball position reference signal (top), EM coil current (bottom)  

 
Fig.	12: Experimental response of the EM coils input voltage: ball position reference signal (top), EM coil input voltage (bottom). 
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